In this paper, hybrid variational principles are employed for piezoelectric finite element formulation.
INTRODUCTION
Piezoelectric materials have been indispensable for electromechanical resonators, transducers, sensors, actuators and adaptive structures. Owing to the complexity of the governing equations in piezoelectricity, only a few simple problems such as simply supported beams and plates can be solved analytically [1] [2] [3] [4] . Since Allik & Hughes [5] presented their work on finite element (f.e.) method for piezoelectric vibration analysis, the method has been the dominating practical tool for design and analysis of piezoelectric devices and adaptive structures. Inheriting Allik & Hughes' work, all of the f.e. models presented in references [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] include displacement and electric potential as the only assumed field variables. Other fields such as stress, electric displacement etc.
are derived from displacement and electric potential. These models and the associated formulation can be classified as irreducible in the sense that the number of field variables cannot be further reduced [23] . Same as the irreducible or displacement elements in structural mechanics, irreducible piezoelectric elements are often too stiff, susceptible to mesh distortion and aspect ratio. To overcome these drawbacks, Tzou & Tseng [14] , Ha, Keilers & Chang [16] and Tzou [17] made use of bubble/incompatible displacement modes [24, 25] to improve the eight-node hexahedral element.
In addition to bubble/incompatible displacement method, hybrid (or reducible) variational principles in structural mechanics have been successfully employed for enhancing the element accuracy and circumventing various locking phenomena [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . In this light, Ghandi & Hagood [42] have proposed a piezoelectric hybrid tetrahedral finite element model in which electric displacement, electric potential and displacement are assumed. Their model is markedly superior to the irreducible model. Besides reference [42] , hybrid variational principles have rarely been used in formulating piezoelectric finite element models.
In this paper, we shall start with a general hybrid variational principle that contains stress, strain, displacement, electric displacement, electric field and electric potential as the independently assumed field variables. It will be seen that the stationary conditions of the functional are the nine governing equations in linear piezoelectricity. For domain decomposition methods such as f.e. method, the prerequisites and the continuity requirements on the field variables assumed in the principle are addressed. Four degenerated versions of the general principle are adopted for f.e.
formulation. Judging from the results obtained for a number of benchmark problems, the proposed hybrid models are more accurate than the irreducible ones.
GOVERNING EQUATIONS IN LINEAR PIEZOELECTRICITY
For a solid piezoelectric body occupying domain Ω, the governing equations are summarized below [43, 44] :
in Ω (1a) 
(viii) mechanical essential boundary condition :
(ix) electric essential boundary condition :
where
is the vector of strain components
T is the displacement, is the electric field, 
T is the dielectric matrix measured at constant strain
T is the unit outward normal vector to the boundary ∂ Ω of domain Ω It will be assumed as usual that the boundary ∂ Ω of the domain can be partitioned according to the boundary conditions into S t , S u , S ω and S φ such that
It is noteworthy that ␥ and -E are the energy conjugates of and D, respectively. By changing the objects in the constitutive relations, the following alternate forms can be obtained :
A GENERAL VARIATIONAL PRINCIPLE FOR PIEZOELECTRICITY
A few researchers have investigated the variational principles for piezoelectric bodies [43, 44] . The most general variational principle that includes all the six assumed field variables is :
is known as the electric enthalpy. By recalling the divergence theorems, we have
in which δ is the variational symbol. Variation of Π G can then be worked out : with which the last term in δΠ can be expressed as : Hence, with the two compatibility conditions satisfied as a priori, Euler's equations of Π include the first eleven conditions in Eqn. (8) . In other words, zeroth order continuity of the displacement and electric potential at the subdomain interface must be ensured when Π is employed. There is no continuity requirement on the other field variables at the subdomain interface, i.e. the two sets of the field variables in the two subdomains can be totally independent of each other. The arguments presented here can readily be generalized to multiply subdomains such as in f.e. meshes.
G G

DEGENERATED VARIATIONAL PRINCIPLES
In f.e. method, the two essential boundary conditions can be satisfied by having displacement and electric potential as the nodal variables. With the two conditions constrained, Π G is simplified to :
In this paper, four variation functionals degenerated from Π mG will be employed for finite element formulation.
I. Functional with only u and φ Assumed -With the electric field-potential relation E and the strain-displacement relation ␥ constrained, the assumed stress, strain, electric field and electric displacement can be eliminated from
The resulting functional is : 
This gives rise to the irreducible formulation in piezoelectricity [5, 23] .
II. Functional with D, u and φ Assumed -With the strain-displacement relation ␥ and the constitutive relation D e constrained, the assumed stress, strain and electric field can be eliminated from . The resulting functional is :
III. Functional with , u and φ Assumed -With the electric field-electric potential relation and the constitutive relation constrained, strain, electric field and electric displacement can be eliminated from Π . The resulting functional is :
IV. Functional with , D, u and φ Assumed -With the constitutive relations ␥ and constrained, the assumed strain and electric field can be eliminated from Π . The resulting functional is :
is known as the mechanical enthalpy.
Only assumed stress and/or electric displacement are considered in Eqn. (15) to Eqn. (17) in addition to assumed displacement and electric potential because the homogenous equilibrium and charge conservation conditions can readily be satisfied by manipulating the stress and electric displacement shape functions.
FINITE ELEMENT FORMULATION
Being degenerated version of Π , the prerequisites and continuity requirements on the field variables of Π, Π , and are identical to that discussed in Section 4. In other words, the two compatibility conditions must be satisfied as priori whereas the assumed stress and electric displacement in each element can be independent to the ones in other elements. Zeroth order continuity of the displacement and electric potential can be met by having displacement and electric
In the Section 4, superscripts are employed for subdomain designation. Superscripts of the field variables will here be dropped for simplicity. Within a generic element, the assumed field variables are discretized as :
in which N is the displacement interpolation matrix, q is the vector of element nodal 
where Ω denotes the element domain and 
With Eqn. (18) and Eqn. (19) invoked : 
Variation of ␤ results in : 
-The elementwise version of Π τ is :
The elementwise version of Π τD is :
With Eqn. (18) 
(33b)
DETERMINATION OF EIGEN FREQUENCIES
In eigen frequency analysis, the surface loads vanish and the inertial force can be incorporated as the body force, i.e. b = −ρ u. Similar to the conventional eigen frequency analysis, we assume 
INTERPOLATION AND SHAPE FUNCTIONS
In this section, a number of three-dimensional eight-node piezoelectric elements will be developed.
For the eight-node element as depicted in Fig.2 , the interpolation function for the i-th node is : 
It has been well-known that the element based solely on the above displacement interpolation is too stiff, susceptible to mesh distortion and aspect ratio. Ha, Keilers & Chang [16] and Tzou [17] have supplemented the interpolated displacement with Wilson's incompatible modes [24, 25] : Hence, they can be condensed in the element level.
For the assumed stress, the one in Pian's element [34, 37] are employed. The element contains eighteen stress modes which are minimal for securing the proper element rank. The stress in the element can be expressed as :
in which
O Q P P P P P P P c a c a c a c a c a c a 
Q P P P P P P P P is the transformation matrix evaluated at the element origin for the contravariant and Cartesian stresses. It can be proven that the above stress is in strict homogenous equilibrium when the element Jacobian determinant is a constant.
For the electric displacement, the minimum number of assumed modes for securing the proper element rank is seven. To devise the electric displacement modes, a 2×2×2 element with its natural and Cartesian coordinate axes parallel is considered. The interpolated electric potential can be expressed as :
where ψ 's are linear combinations of the element nodal electrical potential. The derived electric field is : Recalling that -E and D are energy conjugates, the four non-constant or higher order electric field can be suppressed or matched by the following contravariant electric displacement modes :
For a generic element, the assumed higher order Cartesian electric displacement can be transformed from . With the constant electric displacement augmented, the complete assumed electric displacement is : 
where T as defined in Eqn. (39) is the transformation matrix for the contravariant and Cartesian electric displacements evaluated at the element origin. It can be shown that the above assumed electric displacement satisfies the charge conservation condition when the element Jacobian determinant is a constant. 
NUMERICAL EXAMPLES
In this section, a number of benchmark problems are examined. Predictions of the following elements are included for comparisons:
H8 -the irreducible element based on Π, the displacement and electric potential are given in Eqn. (38) .
H8I -the irreducible incompatible element based on Π, the electric potential and displacement are given in Eqn. (38) and Eqn. (40), respectively.
H8D -the hybrid element based on Π D , electric displacement is given in Eqn. (45) whereas displacement and electric potential are given in Eqn. (38) .
H8DI -the hybrid incompatible element based on Π D , the electric potential, displacement and electric displacement are given in Eqn. (38), Eqn. (40) and Eqn. (45), respectively.
H8S -the hybrid element based on Π τ , stress is given in Eqn.(41) whereas displacement and electric potential are given in Eqn. (38) .
H8DS -the hybrid element based on Π Dτ , the stress is given in Eqn. (41) , electric displacement is given in Eqn. (45) whereas displacement and electric potential are given in Eqn. (38) .
In the element abbreviations, "H", "8", "I", "D", "S" stand for hexahedron, eight-node, incompatible displacement, assumed electric displacement and assumed stress, respectively. All elements are evaluated by the second order Gaussian rule which is sufficient to secure the proper element rank.
Bimorph Beam -The bimorph beam is presented in the text of Tzou [17] . It consists of two identical PVDF uniaxial layers with opposite polarities and, hence, will bend when an electric field is applied in the transverse direction. Properties of PVDF are extracted from reference [17] and listed in Table 1 . The bimorph is here modelled by eight elements at four elements per layer as depicted in Fig.3 . With a unit voltage applied across the thickness, the free end deflection and normalized bending stress at the Gaussian point "A" closest to the top face are computed. The effect of mesh distortion on the element accuracy is examined by varying "e". The results are shown in Fig.4 and Fig.5 . It can be seen that H8S/H8DS are better than H8I/H8DI whereas H8/H8D are extremely poor even at e = 0. All these elements are very sensitive to mesh distortion as a result of shear locking. Using a selective scaling technique which was developed for alleviated shear locking in hybrid stress solid elements [37] , H8S/H8DS yield much better predictions as denoted by H8S*/H8DS* in the figures. H8DS* is marginally more accurate than H8S*.
Cantilever Beam -The problem depicted in Fig.6 was considered by Saravanos & Heyliger [45] .
The cantilever consists of a thick layer of unidirectional graphite/epoxy and a thin layer of PZT-4 piezoceramic adhered together. The fibre is running along the longitudinal direction of the beam.
The material properties are listed in Table 1 . The beam is modelled with a total of 5×8 elements.
The piezoelectric layer is modelled by a layer of 8 elements whereas the graphite/epoxy is modelled by 4 layers of 8 elements. A 12.5 kV potential difference is applied across the piezoelectric layer.
The computed deflection curve is shown in Fig.7 . In obtaining the prediction from ABAQUS [46] for comparison, the cantilever is modelled by a total of 3×16 twenty-node hexahedral piezoelectric elements with one element layer for PZT-4 and two element layers for graphite/epoxy. As ABAQUS does not have an eight-node piezoelectric element, the twenty-node hexahedral element with designation C3D20E is selected [46] . The element is irreducible and fully integrated by the third order quadrature. In Fig.7 , the results of Koko, Orisamolu, Smith & Akpan [20] were calculated by 2×8 elements twenty-node composite elements. Predictions of all the eight-node elements are in between those of Koko et al [20] and ABAQUS. As the beam is quite thick, even H8/H8D can yield accurate results.
With graphite/epoxy replaced by aluminum (see Table 1 for material properties), eigenfrequencies of the structure is computed. Two circuit arrangements are considered. The first is an open circuit in which the bottom surface of the PZT-4 layer is grounded. The second is a closed circuit in which the top and bottom surfaces of the PZT-4 layer are both grounded. The ten lowest eigen frequencies are presented in Table 2 and Table 3 . H8/H8D are most stiff as the predicted frequencies are much higher than that by H8I/H8DI, and H8S/H8DS. The tables also list the predictions given by Koko et al [20] and evaluated by ABAQUS. All the results are based on the same meshes described in the previous paragraph.
It can be seen in Table 2 and Table 3 Table   1 . The length of the plate L is 0.4 m and its total thickness h is 0.008m. The surfaces of the PZT-4 layers in contact with the graphite/epoxy laminate are grounded. Owing to symmetry, only the lower left hand quadrant of the structure is analysed. Using one layer of elements for each of the lamina and PZT-layer, 5×4×4 and 5×8×8 eight-node elements are employed for an eigen-frequency analysis. For comparison, the problem is also attempted by ABAQUS with 5×8×8 C3D20E twentynode elements. The ten lowest computed frequencies are listed in Table 4 . It can be noted that H8S/H8DS are more accurate than H8I/H8DI, especially for the higher frequencies using the coarse mesh. Again, H8DS marginally more accurate than H8S. Table 5 . The total thickness h is 0.01 m and the length to thickness ratio, L/h, is 4. Two load cases are considered. In the first one, a double-sinusoidal electric potential given as :
Simply Supported Laminated
is applied to the top surface of the structure whereas the bottom surface and all the vertical edges are grounded. In the second case, a double-sinusoidal load :
is applied to the top surface of the structure whereas all the vertical edges, top and bottom surfaces are grounded. Same as the previous example, only one-quarter of the structure needs to be analysed.
Three element layers are used to model each PVDF layer and two element layers are used to model each lamina. Hence, a total of twelve element layers are employed in the thickness direction. In constant z-plane, a 4×4 mesh is used. To obtain the stress and electric displacement along AA' and BB', their values at the second order quadrature points are extrapolated to the mid-points, which are optimal for linear elements, of the element edges coincident with AA' and BB'.
Under the double-sinusoidal electric potential, τ xx along AA' and τ yz along BB' are plotted in Fig.9 and Fig.10 , respectively. H8I/H8DI and H8S/H8DS are all in good agreement with the exact solutions whereas as the elements with independently assumed electric displacement, i.e. H8DI and H8DS, are marginally more accurate than their counterparts without assumed electric displacement,
i.e. H8I and H8S, respectively. The effect of mesh distortion on the central deflection is studied by varying the length "e" in Fig.11 , the results are shown in Fig.12 . It is seen that the assumed electric displacement can improves the element accuracy. The most accurate element is H8DS.
Under the double-sinusoidal mechanical load, τ xx along AA', shear stress τ yz along BB', electric potential φ along AA' and electric displacement D z along AA' are plotted in Fig.13 to Fig.16 . In The effect of mesh distortion on the predicted central deflection can be seen in Fig.17 . The assumed stress elements are more accurate than the incompatible elements.
CLOSURE
For piezoelectricity, the irreducible formulation is the one employing independently assumed displacement and electric potential. In this paper, hybrid eight-node hexahedral finite element models are formulated by employing variational functionals with assumed electric displacement, assumed stress and both. Comparing with the irreducible elements, the present hybrid elements are found to be more accurate as well as less sensitive to element distortion and aspect ratio. H8S,H8DS
analytical [13] Fig. 17 . Effect of mesh distortion on the central vertical deflection of the simply supported laminated plate under an applied double-sinusoidal mechanical load, see Fig.11 
